The paper discusses back reaction effects in cosmology, (á la Buchert et. al.), induced by noncommutative geometry effects in fluid. We have used generalizations of an action formulation of noncommutative fluid model, proposed earlier by us. We show that the noncommutative effects, depending on its nature, can play either roles of (kinematical) dark matter or Cosmological Constant.
Introduction
Fluid dynamics is currently playing a central role in diverse aspects of modern physics such as fluidgravity correspondence, cosmology, among others. This wide acceptance of fluid dynamics stems from the fact that it provides a universal description of long wavelength physics that deals with low energy effective degrees of freedom of a field theory, classical or quantum and applies equally well at macroscopic and microscopic scales. Even though the two mathematical frameworks, i.e. discrete Lagrangian and continuum Hamiltonian (or Euler) formulations, are extremely robust and have survived till date, in recent times ways to tweaking these structures non-trivially at a fundamental level in a consistent way have been suggested. One such proposal put forward by us [1, 2] is to introduce a Non-Commutative (NC) (or Non-Canonical, which might be more appropriate considering our classical scenario) phase space at the fundamental Lagrangian level and study how it modifies the field theoretic Euler fluid dynamics. (Fluid dynamics from the perspective of High Energy Physicists has been discussed in detail in the lucid review [3] 3 .) We have termed our generalized system as NC fluid that consists of an extended fluid variable algebra along with a Hamiltonian that generates a modified form of fluid dynamics, the continuity and Euler (or force) equation. The new system involves a constant antisymmetric NC parameter θ ij = −θ ji and reduces smoothly to the conventional fluid model for θ ij → 0. Several novel and interesting properties of the NC model were revealed in [2] . In the present paper we have extended the previous work [2] to include fluid vorticity but more importantly we have studied implications of the NC fluid model in cosmology. In particular we show that NC contributions can induce inhomogeneity in standard Friedmann-RobertsonWalker (FRW) cosmology that can impact the vital theme of structure formation. Let us spend a few words on the other (comparatively) recent development in quantum and classical physics: introduction of extended forms of phase space Heisenberg commutators or its classical counterpart, non-canonical extensions of Poisson brackets. Generically these new structures are referred to as NC algebra. NC generalizations of conventional theories became very popular after the work of Seiberg and Witten [5] who showed that in certain low energy regime String theory mimics an NC version of quantum field theory. Subsequently there have appeared numerous studies regarding effects of NC extensions in quantum and classical physics (for reviews see [6] ).
Broadly there are two inequivalent ways to incorporate NC effects in a theory. In one formulation in a field theory action the products of fields are replaced by * (star) products that introduces NC contributions perturbatively in the action. This approach has been utilized in some previous works of NC fluid models [7] where * -products are used in directly Euler fluid Hamiltonian (or equivalently in the action that generates Eulerian dynamics).
We, on the other hand, follow an another route which (at least to our mind) is more direct with clear interpretations. We exploit the conventional map between Lagrangian (discrete fluid particle coordinates) degrees of freedom and Euler (continuous field theoretic) variables consisting of density and velocity fields [3] . We introduce NC in Lagrangian coordinates and rederive the extended Euler algebra that involves NC effects. Finally we use this NC Eulerian structure to obtain fluid equations of motion in a Hamiltonian framework [1, 2] . Another variation of our formalism has been pursued in [8] with results a little different from ours.
The main focus of the present work is the following. We convert the NC fluid equations to co-moving frame and utilizing conventional techniques generate the NC extension of FRW-like equations in Newtonian cosmology. The results clearly show that NC effects can lead to inhomogeneities and anisotropy. Here we encounter a serious technical issue, that of spatial averaging in the context of cosmology. Buchert and Ehlers [9, 10] and Buchert [11] have developed a rigorous technique of averaging in cosmology and have steered the interest towards analysis of fluctuations (see also [12] ) that can have significant impact "locally" that is in a domain small compared to horizon (whereas global averages will generically reduce to surface terms that vanish for boundaryless (three torus) Newtonian cosmology). We have followed the above formalism and have computed explicit forms for the NC-induced fluctuations.
The paper is organized as follows: In section 2 we have computed the NC fluid algebra and the equations of motion. This is an extension of our earlier work [2] since now we consider fluid vorticity as well. Section 3 deals with the construction of NC FRW equations. Section 4 is devoted to the study of averaging hypothesis in cosmology and derivation of NC induced fluctuation terms. We conclude and suggest future directions of work in Section 5.
Noncommutative Fluid Algebra and Darboux Map
We start with a Lin [13] (see also [14] ) form of first order fluid action endowed by NC correction terms,
where v i = ∂ i θ+α∂ i β is the velocity field in Clebsch parameterization [15] . (For an authoritative monograph on fluid dynamics see [16] . Note that in [2] we had v i = ∂ i θ(x), which amounts to the no vorticity condition. Conventional fluid dynamics is recovered for θ ij = 0. Let us first derive the equations of motion by varying ρ and v in the action:
A few comments are in order.
(i) This is a non-trivial extension to our earlier work [2] as α, β variables are included indicating that the canonical fluid possesses a vorticity.
(ii) Notice the U ′ -dependent term in (2) . Its contribution vanishes due to antisymmetry of θ ij which we have followed in earlier works [1, 2] and are presently adhering to. However, in an alternative formulation suggested in [8] it can yield a non-zero contribution.
Let us exploit the Dirac bracket formalism [17] to obtain, to first non-trivial order in θ ij , the NC fluid algebra. In a generic Second Class system with n SCCs χ i , i = 1, 2, ..n, the modified symplectic structure (or Dirac brackets) are defined in the following way,
where {χ i , χ j } is the invertible constraint matrix. The complete NC fluid algebra is given by,
A non-vanishing charge density {ρ(x), ρ(y)} bracket of a similar structure first appeared in [18, 3] which, however, was derived in a somewhat heuristic way in a completely different system, lowest Landau level in magnetohydrodynamics. The complete NC bracket structure provided here is new. Quite obviously this algebra is more involved that our earlier results [2] due to the presence of α, β.
We consider the conventional form of Eulerian fluid Hamiltonian,
It is straightforward to check that, using the above Dirac bracket algebra (5), the Hamiltonian equations of motion,ρ
agree with the previously computed dynamical equations (2,3) obtained from action principle. This cross checking ensures overall consistency of the procedure. These modified equations of motion constitute our primary major results and the starting point of the present analysis.
In a Hamiltonian structure there is a very well known and convenient transformation known as the Darboux transformation [19] that allows (at least locally) a construction of the non-canonical variables in terms of canonical variables. In our case, operationally this simply means that using Darboux map, the NC variables ρ, θ, α, β can be expressed (at least locally) in terms of a canonical set ρ c , θ c , α c , β c obeying canonical algebra,
. The explicit form of Darboux map to O(θ), is given by
such that the NC algebra in (5) is reproduced. For simplicity we will just keep the notation ρ, θ, α, β instead of ρ c , θ c , α c , β c . The Hamiltonian (6) is now written in terms of canonical variables, (to order of θ ij ),
where,
is the canonical energy density and P = ρU ′ − U is the pressure. The continuity equation is obtained as,
is written in a suggestive formρ = −∂ l (ρv l ) where,
, is identified as the NC corrected generalized velocity. The Euler equation can also computed in a similar way.
Several features of the NC fluid system need to be stressed: i) The NC Hamiltonian and NC Eulerian equations are expressed entirely in terms of canonical fluid variables. ii) There exists a modified local conservation law of matter. iii) In our formulation since the matter density ρ is unchanged the total mass is same as in conventional case although the momentum flux receives NC corrections.
Modification in Friedmann Equation
Let us now move on to our present area of interest, NC modified cosmology. The "Standard model" of cosmology consists of the continuity equation and Friedmann equation, (without Cosmological Constant),
P denotes the pressure and a(t) is the scale factor. M = (8πG) −1/2 refers to Newton's constant G. Introducing the Hubble parameter H(t) =ȧ/a an equivalent equation follows:
with a scaled k = 0, ±1 indicating flat, closed or open universe respectively. Clearly inhomogeneity or anisotropy are not supported (see for example [20] ). It is well known that one can rewrite the conventional fluid dynamical equations in comoving frame such that they agree with the FRW equations. This will be our starting point. Since we have developed a NC-extended set of generalized fluid equations its mapping to comoving coordinates will give rise to NC extended FRW dynamics. Since from now on in this paper we are primarily interested in cosmological scenario we will consider fluid without vorticity as canonical vorticity does not play any major role in cosmology.
The comoving coordinates are defined as
where r(t), x(t) and a(t) denote the proper coordinates, comoving coordinates and the scale factor respectively. The laboratory velocity v is written as,
with u defined as the peculiar velocity. In standard FRW u is taken as zero and it is considered as a perturbation.
We start from the simplified form of NC continuity and Euler equation, (2) and (3), with vorticity free v i = ∂ i θ only (ignoring the α and β):
We have introduced Φ as a generic potential. We need to recast the dynamics in the comoving coordinates x, t. The space derivatives are easily related by
On the other hand, the time derivatives at constant r and constant x are related by,
Using the above identities we derive the cherished expressions for the NC fluid dynamics in comoving frames:
We can make a further simplification by dropping the peculiar velocity u-dependent terms thus reducing the NC continuity equation (19) tȯ
where Ψ is the NC correction. Notice that the NC corrections usher in a form of inhomogeneity due to the non-trivial x-dependence. On the other hand, isolating the x-dependent terms in (20) yield
From (21,22) it is clear that even the so-called "unperturbed" universe with u = 0 receives NC contributions. From (21,22) we recover
leading to a modified Friedmann equation,
where k is a constant. In fact k appears as an integration constant and can be identified with (the scaled) curvature in FRW. It will be more appealing to rewrite (24) aṡ
where
The above is one of our principal results. We show that the NC-contribution can affect the flatness (or openness or closedness for that matter) although numerical estimates for the NC parameter θ ij is needed to explicitly evaluate k ef f .
Again rewriting (22) as below,
it is clear that the NC term acts as an effective pressure since this equation summarizes the physics which determines the expansion of the universe. Hence even for vanishing conventional form of pressure the NC contribution can control the acceleration or deceleration of the universe. The remaining theoretical issue we pick up now is the following: how to define averages in Newtonian cosmology since to fit in the FRW framework we need to integrate out x consistently. This has been developed by Buchert and coworkers in a series of papers [9, 10, 11] and is interpreted by them as an additional source in the form of back reaction. This induced anisotropy and inhomogeneity can play important roles in structure formation. We will outline this in the next section.
Averaging Prescription in Cosmology
A few crucial points have emerged from the works [9, 10, 11] : (i) the Friedmann equations are to be expressed in terms of spatially averaged variable such as averaged scale factor.
(ii) The averaged variables are required to be scalars to get unambiguous results in General Relativity since in general the procedure of averaging an inhomogeneous metric is not available. However for scalars spatial averaging can be properly defined for a foliated spacetime. (iii) In standard Newtonian cosmology there is no non-vanishing global averages since the space is considered as boundaryless (3-torus) and the so called inhomogeneous back reaction terms reduce to surface contributions and hence vanish. (iv) As emphasized by [9, 10, 12] , globally vanishing (averaged out) inhomogeneities can contribute as regional fluctuations. This is known as "cosmic variance". In this section we will be looking at NC-induced fluctuations.
As discussed earlier (1, see also [2] ) we will be working with the canonical variables by exploiting the Darboux map with no vorticity constraint
the continuity and Euler equations follow:
and
. (31) with P = ρU ′ − U as pressure. It is straightforward to express the tensor ∂ j v i | c in terms of rate of expansion ψ = ∇.v| c , shear (σ ij ) are defined via the relation,
δ ij ψ. Note that we have not taken in to account the anti-symmetric vorticity term. Rewriting (29) and (31) in terms of the scalars ρ, ψ, σ = σ ij σ ij and using the convective time derivative operatorȦ ≡ dA dt = ∂ t A +Ẋ.∇A on a generic variable A, we find,
Let us denote
as the spatial average of a tensor field A on the domain D(t) occupied by the amount of fluid considered, and a(t) is the scale factor of that domain. The subscript D in A D underlines the fact that it is not simply the local A that is averaged, but a new domain dependent volume average of A. This is true for all subsequent definitions 4 . We use the commutation rule for averaging [10] ,
After averaging (using the commutation rule), the equations (33) and (34) becomes,
Now from (37), in terms of the volume scale factor a D (t) (where
, the averaged Raychaudhuri equation can be written as,
For θ i = 0 we recover earlier results of [9, 10] and hence our NC model provides additional contributions to inhomogeneity and anisotropy. As a specific example, let us consider a simple canonical dust form of barotropic potential U(ρ) = νρ (with a constant ν) that is pressureless, P = ρU ′ − U = 0. Further we impose no vorticity condition on velocity, ( a reasonable restriction valid at least until the epoch of structure formation), leading ψ =
In the next section we try to quantify the NC effect on cosmological parameters to bring out the implications of the NC extension.
Cosmological parameters with noncommutative corrections
It is clear from (38) that inhomogeneities will act as sources that will control the average expansion rate of universe. Already such fluctuations have appeared in [9, 10] and we have presented additional contributions generated by noncommutativity. After integrating (38), with k D entering as an integration constant the resulting equation can be expressed in terms of cosmological parameters,
and,
Note that Ω D Q part was revealed in [9, 10] . However, there is an important distinction that all the parameters are domain dependent averages. In fact the integration constant or effective curvature k D can also vary depending on the domain of averaging [9] . Note that in (41) 
An interesting point to note is that in (44) the NC contribution affects both Friedmann equation as well as the constant parameter Ω D N C . This constitutes another of our major result where we explicitly provide contribution of the NC correction term in the energy budget of the universe.
To further quantify the inhomogeneity effects one needs to assume specific forms of the velocity such as in spherical collapse model (with a spherically symmetric and radial velocity inside the averaging domain) or in Eulerian linear approximation (where Eulerian coordinates are comoving with the background Hubble flow) [9] . We plan to explore these aspects in a separate publication.
Summary
Let us conclude by summarizing the present work with a mention of possible future directions. In the first part of the paper we have generalized our previously proposed noncommutative fluid model by including fluid vorticity. Detailed discussions on the extended Hamiltonian structure (Dirac brackets) and dynamics have been provided. Major part of the paper deals with cosmological implications of the noncommutative extension, especially in terms of generating inhomogeneity and anisotropy. Following the formalism developed by Buchert and coworkers [9, 10] we show that the nocommutative effects induce additional back reaction terms that can affect cosmological evolution.
As remaining open problems we plan to estimate the noncommutative back reaction effect quantitatively by utilizing specific models of fluid motion. A more ambitious project is to extend the noncommutative fluid model in relativistic scenario. So far our noncommutative extension is entirely classical that has forced us to consider Newtonian (non-relativistic) cosmology. Indeed a fully relativistic noncommutative fluid model will open up many new questions and challenges.
